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which shows that in the example in question instability can occur in the fields H > 
py2Pa521KoT - IO5 gauss. 

The author expresses his gratitude to L. I. Sedov for the attention shown to this work 

and for valuable comments made during its assessment. 

1. 

2. 
3. 

4. 

5. 

6. 

7. 

8. 

9. 

REFERENCES 

Tarapov, I. E,, On the hydrodynamics of polarizable and magnetizable media. 

Magnitnaia gidrodinamika , Vol. 1. 1972. 

Tarapov, I.E., Sound waves in a magnetizable medium. PMTF, N%l, 1973. 

Akhiezer, A. I., Liubarskii, G. Ia. and Polovin, R. V., Simple 
waves in magnetic hydrodynamics. Zh. tekhn. fiz., Vol. 29, N’8, 1959. 

Kato, Y. , Ta jiri, M. and Taniuti, T. , Propagation of hydromagnetic 
waves in collisionless plasma. J. Phys. Sot. Japan, Vol. 21, N’4, 1966. 

Jeffrey, A. and Korobeinikov, V., Formation and decay of electromag- 
netic shock waves. J. Appl. Math. and Phys., Vol.20, N?4, 1969. 

Neuringer, J. L. a n d R o s e n z w e i g , R . E . , Ferrohydrodynamics. Phys. 
Fluids, Vol. 7, Ns12, 1964. 

Tsien, H. S,, Physical Mechanics. M., “Mir”, 1965. 

Curtis, R., Flows and wave propagation in ferrofluids. Phys. Fluids, Vol. 14, 

N”-10, 1971. 

Berkovskii, B. M. and Bashtovoi, V. G., Waves in ferromagnetic fluids. 

Inzh.fiz.zh.,Vol.l& w5. 1970. 
Translated by L.K. 

UDC 538.4 

PLANE BLECTROHYDRODYNAMIC FLOW WITH REVERSE CURRENT 

PMM Vol. 37, N?5, 1973, pp. 822-829 
V. I. GRABOVSKII 

(Moscow) 
(Received March 21, 1973) 

We consider the modes of flow of unipolarly charged jets in the case when the 
charged particles return along the peripheral zones of the hydrodynamic streams 
to the electrode-“emitter” under the action of both the induced and the exter- 
nal electic field. It is shown that the reverse curren increases with increasing 
width of the section through which the charged particles enter, the electric 
charge density at this section and the intensity of the external retarding field. 

The electric current from the electrode emitter is reduced by the reverse cur- 
rent and the retarding effect of the external field. 

During the present investigation we solve the two-dimensional electrohydro- 

dynamic equations numerically, determine the local electrical parameters and 
the character of the flow established over the whole region. 

The reserve currents result from the spatial (two-dimensional) character of 
the real electrohydrodynamic flows. The effect becomes of interest when con- 

structing electrohydrodynamic energy transducers where the losses caused by 
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the fact that a part of the current returns to the emitter along the boundary 
layer must be taken into account, and in technological processes such as elec- 
trostatic spraying and dusting. The retarding influence of the external electric 

field on the charged particles becomes of considerable importance in the clean- 
ing processes where the reverse currents are of additional advantage. 

Certain papers dealing with plane flows are given in p - 41. 

1. We consider a steady plane flow between two infinite parallel electrodes X0=0 
(emitter) and 2’ = L (collector), permeable to the fluid (the superscript ’ denotes 

dimensional quantities). An external electric field which is generated between these 

electrodes hinders the motion of the electrically charged particles in the direction in 
which they are transported by the flow of fluid. A stream of a viscous incompressible 
fluid propagating through the interelectrode space in the direction of the x0-axis expands 

in the downstream direction from its initial cross section H (at Ic” = 0) . The longitu- 
dinal of velocity components ZL’ varies across the stream from its maximum value at the 
axis to zero at the stream boundary. The electrical-hydraulic intercation parameter is 
assumed small, therefore the velocity field is specified in its first approximation. 

The electrical charges generated in the region 2’ ( 0 (using e. g. a corona discharge) 
are carried by the fluid into the region 0 < 5’ < L. The size of the cross section 
through which the charged particles enter,satisfies the inequality h < H, and the charge 

density p* is assumed constant and known at this cross section. Let us assume for defi- 

niteness that the particles have a positive charge, i. e the charge density q” > 0, and 
the electrode 5’ = 0 is earthed. Then the positive electric potential cp’+ of the elec- 

trode a? = L corresponds to the external electric field retarding the particles. 
The interaction between the charges and the fluid leads to formation of an “electric” 

jet (a zone in which q” # 0) [l] in the interelectrode space. The induced transverse 
field deflects the particles towards the peripheral zones of the fluid flow where the long- 
itudinal rate of drift of the charges is smaller. As long as the axial component of the 
current density jX” = q (u” - b&~’ / &f) > 0 (b is mobility), the charges move 
downstream along with the flow. If jox < 0, a reverse current appears,i. e. the par- 
ticles return to the electrode emitter. It is clear that inequality &f~’ / 8s’ > 0 repre- 
sents the necessary condition for the reverse current to exist, i. e. a reverse current may 
be generated only in the region in which the potential increases in the longitudinal direc- 

tion. 
The author of [l] dealt with cases when no reverse currents appeared, although the 

electric jet width could, in certain zones, exceed that of the hydrodynamic stream. 

Below we investigate the condition under which flows with reverse currents take place. 
The presence of a reverse current implies reduces collector current. Another factor 
affecting the magnitude of this current is the influence of the negative external field 
which tends to reduce the speed of the charged particles evertwhere. The relations con- 
necting these two factors which together determine the reduction in the emitter current, 
are discussed below. 

2. Let us pass to dimensionless variables in accordance with the following formulas 
(using the accepted notation) : 

(2.1) 
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V” = v,v, x0 = Hx, yc =z Hy 

Under the assumptions made and in the variable given above, the equations describing 
the processes under investigation become [l] 

A’p=-q (2.2) 

2!(~-!_t-!&+_q3~ 
dzj ! j = q (V - grad q) 

(u == /&[I - (&g~) 

The choice of the distribution of the longitudinal velocity component u (given in bra- 

ckets in (2.2)) allows for the fact that the velocity becomes zero at the boundary of the 

hydrodynamic stream Y = (1 $- 0.3 x) / 2. The transverse velocity component is assu- 
med to be zero everywhere. Since the flow is symmetric about the axis y = 0, it is 
sufficient to consider the region y ?a 0 only, taking into account the symmetry condi- 

tion that i3~ / 6’y= 0 for y = 0. It is also clear that tp -+ ‘p+X as y -+ co. Thus 

the boundary conditions for (2.2) have the form 

q = 0 for 2 = 0, cp = ‘p+ for 5 = 1 

&p / 3y = 0 for y = 0, cp --f cp+ 5 as y + 00 

q=p for X=0, y<U/2 i 

We note that the assumption that a surface charge is absent from the boundary r of the 
electric jet at which the charge density undergoes a discontinuity. 

The system (2.2) must be solved separately for the regions where q = 0 and for the 

regions where 4 f 0, matching the solutions at the boundary lT. The requirement that 
the potential and its first order derivatives are all continuous serves as the condition for 
matching the solutions. The problem has four characteristic parameters: the geometri- 
cal factors a and I, and the quantities P and q+ ; but an arbitrary combunation of 
these factors does not correspond to a flow with reverse current.. 

The characteristic features of the flow which are important in practice and in which 

the effects under consideration will appear, are the total currents: the total current J+ 
passing through the collector and the total current J, emerging into the interelectrode 

space CL ‘2 

JIJ == { ix@, y) dy, J+= f is(l, y)dy (2.3) 
-a/2 --1) 

A numerical method was used to solve the problem, namely the method of consecu- 
tive approximations [l] based on consecutive integration of the elliptic and the hyper- 
bolic equation of (2.2). The elliptic equation was integrated using the Seidel method 
of consecutive displacements and the hyperbolic equation by the method of character- 
istics for which the following relation holds : 

(2.4) 

In the course of solution we required that the boundary condition holds, as y + 00 , at 
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sufficiently large but finite distances from the axis y = 0. It was also assumed that 
I = 1, a< 1 and the parameter ;1 varies from zero to a sufficiently large value, up 

to the emergence into the “saturation” mode. 

3. let us consider the case when the external retarding force is absent, i.e. q+ = 0. 
The decrease in the value of J+ (relative to J,) is caused by the reverse current gene- 
rated by the induced electric fields only. 

The deformation of the region in which Q # 0 exhibits the following distinctive 

features when fi + 00 . When p = 0 , the electric jet maintains its width along its 

whole length. When fi increases, the rate at which the jet widens also increases and the 
interelectrode space within the flow begins to be filled with charges more and more 
completely. Finally a zone of reverse current appears, approaching the electrode ,z = 0 
at large y. With further increase in the values of p the zone widens, extending in the 
direction of the axis of the flow. At sufficiently large /-3 the boundary I‘ ceases to vary 
and the saturation mode is reached. 

Figure 1 depicts a family of curves I? for a = 0.4 and various values of p. A zone 
S, in which q = 0, lies to the left of each curve, and a zone in which q + 0 , to the 

Fig. 1 

right of each curve. The dash-dot line represents the 
boundary of the hydrodynamic stream Y. 

When the values of the parameter a are large, the re- 
verse current appears earlier relative to p since the 

charge emitted at the given value of p is greater and 
this produces a larger induced field. When a = 0.6, the 
reverse current first appears at P of about 0.7, while for 

u = 0.4 the corresponding value is 3.5. 
In the saturation mode the zone ,S decreases with 

increasing a, and a value a = U* exists at which the 

region S degenerates into the point J: = 0, y = a*/2 
and the charged particles fill the interelectrode space 

completely. The quantity a* determines the largest 
usable segment of the electrode z = 0 in the satura- 
tion mode, i. e the zone through which particles emerge 

into the working space 0 < x < 1. This corresponds 
to restricting the size of the cross section in the plane 
IC = 0 where the density of the charged particles is spe- 
cified. In our computations we have adopted a* ;=: 0.5. 

A flow with reverse current in the absence of an exter- 
nal field is depicted on Fig. 2 a where the characteristics (the trajectories of motion of 
the charged particles) for fi = 6 and a = 0.4 are shown by dashed lines. A neutral 
characteristic exists, going to infinity and dividing the region of flow into two parts, one 
of which corresponds to the particles returning to the emitter, and the other to the par- 
ticles arriving at the collector. 

Figure 2 b shows transverse distributions ofthe charge density at various cross sections 

x0 = const (curves I---S correspond to x0 = 0.1, 0.5 and 0.9) for fi = 6 and 
a.=O.4. At the cross section x0 = 0.1 which intersects the zone S, the charge den- 

sity undergoes a discontinuity twice. In each cross section q decreases asymptotically 
to zero as y -+ 00. We note that although the charged particles occupy almost the 
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whole space including infinity, their periphera1 density is not high. 
Computation of the totat quantity of the reverse current 1 J__ f fJ_ =q [) is the cur- 

rent passing through the eXecrrode 5 = 0 in the peripherat zone) shows that it increases 

with increasing p and a, Figure 3 shows J, (6) and J.+ (p) plotted for d: = 0.4. 
For the values of the parameter p at which the reverse current is zero, J, := J,. If the 
reverse current is not zero, then J, - J, = 1 J_ J. The relationships given show that 
the currents Jo and J+ practically cease to grow (the saturation mode) even for @ ES 
20. The reverse current also reaches a maximum and represents not more than 5%of Js. 

a 
I 2 

Fig, 2 

It should be noted that a similar small current passes aXso through the eoifector at its 

peripheral sections. The current passing through the electrode x = 1 is basically deter- 

mined by the magnitude of the current 

T./,,.,i: : - I through the neutral zone (at the axis y = 
I I 

j Jo 
0) the size of which corresponds approxi- 

I .,: 
I 

mately to the size of the oross section of 
r _. .._..--.- .+_ 

1 i 

the hydrodynamic stream at x = 1. 
It appars that the reverse ourrent in- 

/3/ 
creases when I > 1 and the external 

D “ i? 4 8 P 
retarding field is not zero; we consider 
this aspect below. 

Fig, 3 
4. The presence of an external retar- 

ding field (T+ > 0) leads on one hand 

to a general reduction in the velocity of motion of the charged particles, with conse- 
quent decrease in the current J,. This phenomenon can be called the source “supression” 
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effect. On the other hand, the retarding field assists the earlier appearance of the reverse 
current. This is connected with the increase in the size of the zone in which dq/&z>O. 

Utilizing the computations made and analysis of the system of equations performed, 

we arrive at the following picture of the deformation of the region occupied by the elec- 

tric jet. 

Let us suppose that at ‘p+ = 0 the reverse currents are absent and the electric jet 

boundary appears within the hydrodynamic region of flow (e. g when a = 0.4 and 
fi = 2). On increasing the value of rp+the jet spreads and its boundary r intersects 

the plane x = 1 at the points N situated further and further from the axis of the flow. 
This upward motion of the point N along the straight line II: = 1 continues until the 

condition u - 8~ / dz = 0 is reached (up to this instant the flow has no reverse cur- 
rent). Such a point N = P (1, y,) at which the relations 

u - &+I I dx = 0, acp lay = 0 (4.1) 

both hold simultaneously, represents a singularity of the characteristic equations (2.4). 
To determine the type of this singularity let us write the characteristic equation in 

the form of an equivalent autonomous system of second order equations (in which t is 

a parameter) 
dxldt==u--q/%x, dy/dt=-acp,ay (4.2) 

for which the point P (4, yo) is the equilibrium position. We now expand the function 
‘p near the point in question, into the series 

m 

9 = 2 annt (x--)n(Y-YO)m, aam= 0 for m >2 (4.3) 

(The relation given above for am follows from the second equation of (4.1). which 
holds for any y when z = 1). 

Substituting (4.3) into (4.2) and passing to new small variables r - 1 = 5 and y - 
YO =n, we linearize the system, with (4.1) taken into account. This gives us the follow- 
ing relations near the equilibrium position: 

4 Jll _-- 
dt - 

zazoE - all% dt = - ‘11’ 

The roots of the characteristic equation defining the eigenvalues of the matrix of this 

system are real (a,, are real) and of different signs. Consequently the equilibrium point 

(point P) is a saddle point [5]. 
From the point P a reflected characteristic proceeds to its intersection with the plane 

z = 0. This characteristic represents the outer boundary I’+ of the electric jet, above 
which q s 0. Thus, the interelectrode space occupied by the charged particles is now 
bounded. We have, just as in Sect. 3, a boundary r to the left of which q = 0. A fur- 
ther increase in the value of cp+ is accompanied by a descent of the boundary r+ to- 
wards the axis y = 0 and a deformation of I?. 

Figure 4 shows the boundaries r+ (dashed line9 and r (solid 1ines)of the electric jet 
for a = 0.4, p = 2 and various values of (p+ (the dash-dot line represents the hydro- 
dynamic stream boundary). When ‘p+ increases, the region of flow decreases and the 
zone of reverse current increases. At some value cp+ = ‘p+* , a part of the charged 
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particles emerging from a (central) sector 0 \r y \< a / 2 of the emitter, begins to 
return to another (upper) sector. Such an upper sector must become disconnected and 
therefore this reduces the unstable area of the emitter. In the limit the whole emitter 
must become disconnected (total suppression of the emitter). 

Fig. 5 depicts the pattern of flow for a = 0.4, fl = 2 and CP+ = 0.08, and the 

dashed lines represent the trajectories of motion of the charged particles. A neutral cha- 

racteristic which arrives at the singularity, exists and forms together with r+ and r the 
boundary for the zone of reverse current. It is obvious that turning of the particles to- 
wards the electrodex-0 is realized also near the collector. We note that the charge 

Y 

l75 

Fig. 4 Fig. 5 

density undergoes a discontinuity at the boundary r+ . The equipotential lines shown 

on Fig. 5 (solid lines) illustrate the action of the electrical forces on a particle (a = 
0.4, /3 = 2, (p+ = 0.08). 

Figure 6 shows how the integral parameters J, and J, given by the formulas (2.3) 

vary with the retarding potential (p+ , for 
the case a = 0.4, fj = 2 . It is essen- 
tial that Jo (cp,) and J+ (up+) are both 
decreasing functions. The decrease in J,, 
is caused by suppression of the emitter, and 
the decrease in J, is due to the combined 
effect of suppression and reverse current. 
For the values of q+ at which the reverse 
current is zero, J, = J,. The reverse 
current J, - J+increases with increasing 

Fig. 6 
cp+ and reaches the proportion of 23% J, 
when cp+ = 0.32. The results obtained 

jndicate that when cp, # 0 , the reverse current assumes an extraordinary importance. 

All the same, the effect of emitter suppression remains the main factor causing a decrease 

in Jo. For example, when cp+= 0.32, the combined effect reaches 75%, while 54% are 
due to suppression. 
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In conclusion we mention the unusual course of deformation of the region of flow 
with increasing cp+ in the case when a reverse current exists even when q+ = 0 (e. g. 

when a = 0.4, p = 4). When q+ increases, the region of flow varies from one infi- 
nitely large as the singularity first appears at infinity, to one localized in the central 

part at y = 0. 

The author thanks A. 3. Vatazhin for help. 
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It is established that several types of the ionization and recombination waves 
may occur in a weakly ionized plasma containing additions of an easily ion- 

izable component, in the presence of a magnetic field, The rate of propaga- 
tion of such waves are determined by the conditions arising from the fact that 
the waves have certain structures. It is shown that the waves considered in the 

present paper satisfy the criterion of evolutionarity. 
The problem of propagation of an ionization wave through a weakly ionized 

plasma in the absence of a magnetic field was first posed in P]. The expres- 
sion obtained there for the rate of propagation of the ionization wave was con- 

firmed experimentally in p], but at the same time the experimental data ob- 
tained in [3, 41 disagreed with the results of F]. The analysis in [1] was per- 
formed for a model of two-fluid hydrodynamics and it was assumed that the 
plasma is in the state of ionization equilibrium, A motion of the ionization 
wave during which this eq~librium is disturbed, was studied in [S]. A study of 


